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Abstract
This present study focuses on the effects of thermophoresis, Dufour, temperature dependent thermal conductivity and viscosity
of an incompressible electrically conducting Casson fluid flow along a vertical porous plate in the presence of viscous dissipation,
nth order chemical reaction and suction. It is assumed that the relationship between the flow rate and pressure drop as the
fluid flows through a porous medium is non-linear. Similarity transformations are used to convert the governing equations to
a system of nonlinear ordinary coupled differential equations and the numerical solutions for the velocity, temperature and
concentration profiles are obtained using shooting method along with Runge-Kutta Gill and Quadratic interpolation (Muller’s
scheme). The behaviour of dimensionless velocity, temperature and concentration within the boundary layer has been studied using
different values of Prandtl number, Casson parameter, thermophoretic parameter, temperature dependent viscosity, temperature
dependent thermal conductivity, Magnetic parameter, local Forchheimer parameter, and local Darcy parameter. The flow controlling
parameters are found to have a profound effect on the resulting flow profiles except in some few cases i.e. effect of thermophoretic
parameter τ over velocity and temperature profiles of fluids with constant viscosity and thermal conductivity (ξ = ε = 0). The
local skin friction, Nusselt number and Sherwood number for some cases are also presented.
c⃝ 2014 The Author. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
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1. Introduction
Within the past few decades, both theoretical and experimental studies of viscous incompressible Non-Newtonian
fluids have been investigated extensively. Theoretical study of such kind of fluid flow past an infinite heated vertical
porous plate is very significant due to its huge applications in many industrial processing such as food process-
ing, coating and polymer processing (extraction of polymer sheets), paper production, hot rolling and glass-fibre
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production. However, the problem of heat and mass transfer flow of a laminar boundary layer over a stretching sheet
in a saturated porous medium has an important application in the metallurgy and chemical engineering fields (see
[1–4] for review). Chemical reaction can be explained as either heterogeneous or homogeneous processes, this de-
pends on whether the reaction occurs at an interface or as a single phase volume reaction. Direct effect of chemical
reaction depends on the nature of the reaction whether the reaction is heterogeneous or homogeneous. According to
Cussler [5], a homogeneous reaction is one that occurs uniformly throughout a given phase. On the other hand, a
heterogeneous reaction takes place in a restricted area or within the boundary of a phase. In most cases of chemical
reactions, the reaction rate depends on the concentration of the species itself. A reaction is of order n, if the reaction
rate is proportional to the nth power of concentration. In particular, a reaction is of first order, if the rate of reaction
is directly proportional to concentration itself (see Salem and El-Aziz [6]). Changes in fluid density gradients may be
caused by non-reversible chemical reaction in the system as well as by the differences in molecular weight between
values of the reactants and the products.
The flow due to stretching of a flat surface was first investigated and reported by Crane [7]. Layek et al. [8] car-
ried out heat and mass transfer analysis for boundary layer stagnation point flow of an incompressible viscous fluid
towards a heated porous stretching sheet embedded in a porous medium subject to suction/blowing with internal heat
generation or absorption. When heat and mass transfer occur simultaneously in a moving fluid, the relations between
the fluxes and the driving potentials are of important in theoretical and experimental study. It has also been observed
that an energy flux can be generated not only by temperature gradients but also by concentration gradients [9]. Due to
the effects of mass fluxes which is created by temperature gradients and energy flux which is caused by concentration
gradients on the fluids with very light molecular weight as well as medium molecular weight; motivated by this, Alam
et al. [9] studied Dufour and Soret effects on unsteady MHD free convective and mass transfer flow past a vertical
porous plate in a porous medium. Darcy’s empirical flow model represents a simple linear relationship between flow
rate and pressure drop in a porous media; any deviation from Darcy flow concept is termed non-Darcy flow. Philippe
Forchheimer carried out a research on flowing of gas through coal beds, he reported that the relationship between
flow rate and potential gradient (pressure drop) is non-linear at sufficiently high velocity as the fluid flows through
a porous coal beds and this non-linearity increase with flow rate. Forchheimer [10] added a second order velocity
term to represent the microscopic inertial effect, and modified the Darcy equation to the Forchheimer equation. The
so called Forchheimer flow is widely considered to describe the inertial effects due to additional friction observed for
high velocity flow; see Darcy [11], and Forchheimer [10].
Thermophoresis can be described as the migration of colloidal particle in response to a macroscopic temperature;
when a temperature gradient is established in gas, small particles suspended in the gas migrate towards the direction of
decreasing temperature. The phenomenon called thermophoresis occurs because gas molecules colliding on one side
of a particle have different average velocities from those on the other side due to the temperature gradient. A common
example of the phenomenon is the blackening of the glass globe of a kerosene lantern; the temperature gradient
established between the flame and the globe drives the carbon particles produced in the combustion process towards the
globe where they deposit, Talbot et al. [12]. Thermophoresis is of practical importance in many industrial applications,
such as in aerosol collection (thermal precipitator), micro contamination control, removing small particles from
gas streams, nuclear reactor safety, in studying the particulate material deposition on turbine blades, and also in
determining exhaust gas particle trajectories from combustion devices, [13], [12] and [14]. Deposition of particles
from a mixture of fluid-particles is a subject which has attracted many researchers due to its application in many
natural processes and in engineering. According to the research conducted by Tsai et al. [15] on combined effects of
thermophoresis and electrophoresis on particle deposition onto a wafer; it was reported that the deposition mechanisms
for particles include Brownian diffusion, convection, thermophoresis and other mechanisms, i.e. electrophoresis.
Recently, Md. A. Kabir et al. [16] reported that thermophoresis is the dominant mass transfer mechanism in the
modified chemical vapour deposition (MCVD) process as currently used in the fabrication of optical fibre performs.
Lin et al. [17] also reported that thermophoretic deposition of radioactive particles is considered to be one of the
important factors causing accidents in nuclear reactors. Based on all these applications, Chamkha and Isaa [18] studied
effects of heat generation/absorption and thermophoresis on hydromagnetic flow with heat and mass transfer over a flat
surface. Huang et al. [19] carried out numerical study of thermophoresis on aerosol particle deposition from Hiemenz
flow through porous medium onto a stretching surface.
Non-Newtonian transport phenomena arise in many branches of mechanical and chemical engineering and also in
food processing. Some materials e.g. muds, condensed milk, glues, printing ink, emulsions, paints, sugar solution,
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shampoos and tomato paste exhibits almost all the properties of non-Newtonian fluid. This rheological model was
introduced originally by Casson [20] in his research on a flow equation for pigment oil-suspensions of printing ink.
Bird et al. [4] investigated the rheology and flow of visco-plastic materials and reported that Casson model constitutes
a plastic fluid model which exhibits shear thinning characteristics, yield stress, and high shear viscosity. Rao et al. [21]
reported that the Casson fluid model is reduced to a Newtonian fluid at a very high wall shear stress, i.e. when the wall
stress is much greater than yield stress. This fluid model also approximates reasonably well the rheological behaviour
of other liquids including physiological suspensions, foams, cosmetics, syrups etc. The fundamental analysis of the
flow field of non-Newtonian fluids in a boundary layer adjacent to a stretching sheet or an extended surface is very
important and is an essential part in the study of fluid dynamics and heat transfer, Mukhopadhyay [22]. Hayat et al. [23]
investigated Soret and Dufour effects on magnetohydrodynamic (MHD) flow of Casson fluid. In all of the above
mentioned studies, fluid viscosity and fluid thermal conductivity was assumed to be constant within the boundary
layer.
However, it is known that the physical properties of the fluid may change significantly when expose to temperature.
For lubricating fluids, heat generated by the internal friction and the corresponding rise in temperature affects the
viscosity of the fluid and so the fluid viscosity can no longer be assumed constant. The increase of temperature
leads to a local increase in the transport phenomena by reducing the viscosity across the momentum boundary layer
and so the heat transfer rate at the wall is also affected greatly. In industrial systems, fluids can be subjected to
extreme conditions such as high temperature, pressure, high shear rates and external heating (Ambient Temperature)
and each of these factors can lead to high temperature being generated within the fluid. According to Anyakoha [2],
Batchelor [24] and Meyers et al. [25] and other researchers in fluid dynamics, it is a well-known fact that the properties
which are most sensitive to temperature rise are viscosity and thermal conductivity. Mukhopadhyay [22] adopted
Batchelor’s model of temperature dependent fluid viscosity when he studied the effect of radiation and variable fluid
viscosity on flow and heat transfer along a symmetric wedge assuming constant thermal conductivity. Salem and
Fathy [26] investigated the effects of variable properties on MHD heat and mass transfer flow near a stagnation point
towards a stretching sheet in a porous medium with thermal radiation and adopted the model of Prasad et al. [27]
for temperature dependent viscosity and thermal conductivity and also incorporated the stagnation point velocity into
the momentum equation. Makinde and Chinyoka [28] focused on buoyancy effects on hydromagnetics unsteady flow
and also analysed first and second laws of thermodynamics with respect to inherent irreversibility in an unsteady
flow of a viscous incompressible conducting fluid through the uniform porous channel. The effect of thermophoresis
on laminar flow over cold inclined plate with variable properties was reported by Jayaraj [29]. Recently, Sivagnana
Prabhu et al. [13] carried out an analysis to study heat and mass transfer characteristic of an incompressible and
Newtonian fluid having temperature dependent fluid viscosity, constant thermal conductivity and thermophoresis
particle deposition over a vertical stretching surface with variable stream condition using Lie group analysis. Effects
of heat and mass transfer of MHD flow in the presence of suction and injection have been studied by many authors
considering different situations. But so far no attempt has been made to analyse the effects of temperature-dependent
electrically conducting fluid viscosity and thermal conductivity parameters, dufour parameter, chemical reaction
parameter, thermophoresis particle deposition on free convective heat and mass transfer of non Darcian flow along
an isothermal vertical porous surface in the presence of viscous dissipation and suction. It is hoped that the results
obtained will not only provide useful information for industrial applications, but also serve as a complement to the
previous studies.
2. Physical model and derivation
A steady two-dimensional laminar free convective boundary layer flow of a viscous incompressible electrically
conducting fluid flow along a vertical porous permeable surface under the influence of Dufour, nth order of chemical
reaction, viscous dissipation and suction is considered for a theoretical study. The surface is assumed to be elastic, the
motion of an incompressible fluid is induced because of the stretching property and buoyancy. This occurs in view of
the elastic properties of the surface parallel to the x-axis through equal and opposite forces when the origin is fixed
at x = y = 0. The physical model is shown in Fig. 1. In this research, x-axis is taken along the direction of plate
and y-axis is normal to it. It is assumed that a uniform magnetic field of strength Bo is applied in the perpendicular
direction towards the flow. It is also assumed that the induced magnetic field is neglected due to the negligible effect
of the magnetic Reynolds number which is taken to be very small. The effect of thermophoresis is usually prescribed
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Fig. 1. Physical model and coordinate system.
by means of an average velocity that a particle will acquire when exposed to a temperature gradient. For boundary
layer analysis it is found that the temperature gradient along the plate is much lower than the temperature gradient
normal to the surface, i.e.
∂T
∂y
≫ ∂T
∂x
.
In view of this, the component of thermophoretic velocity along the plate is negligible compared to the component
of its velocity normal to the surface. In this research, it is assumed that the rheological equation of an isotropic and
incompressible flow of a Casson fluid can be written as given by [22,23] as
τi j =

µB + Py√
2π

2ei j when π > πc (1)
τi j =

µB + Py√
2πc

2ei j when π < πc (2)
Py is the yield stress of the fluid known as,
Py = µB
√
2π
β
(3)
µB is known as plastic dynamic viscosity of the non-Newtonian fluid, π is the product of the component of
deformation rate with itself i.e. π = ei j ei j , where ei j is the (i, j)th component of the deformation rate and πc is
the critical value of based on non-Newtonian model. From the definition of viscosity given by Sir Isaac Newton in
Batchelor [24], ratio of sheer stress τ ∗ to viscosity µ is constant in a case of Newtonian
τ ∗ = µ∂u
∂y
.
Some fluids require a gradually increasing shear stress to maintain a constant strain rate and are called Rheopectic, in
the case of Casson fluid (Non Newtonian) flow where π > πc
µ = µB + Py√
2π
. (4)
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Substituting (3) into (4), then, the kinematics viscosity can be written as
ϑ = µB
ρ

1+ 1
β

. (5)
Also, the velocity, temperature and concentration of the fluid far away from the porous surface are assumed to be zero
for a quiescent state fluid. The fluid properties are assumed constant except fluid viscosity and thermal conductivity.
The density variation and the buoyancy effects are taken into consideration, so that the Boussinesq approximation for
both the temperature and concentration gradient can be adopted. Under these assumptions along with boundary layer
approximations and using the Darcy–Forchheimer model, the flow and heat transfer in the presence of Dufour, nth
order of chemical reaction, viscous dissipation and suction are governed by the following equations:
∂u
∂x
+ ∂v
∂y
= 0 (6)
u
∂u
∂x
+ v ∂u
∂y
= 1
ρ

1+ 1
β

∂µB(T )
∂T
∂T
∂y
∂u
∂y
+ µB(T )
ρ

1+ 1
β

∂2u
∂y2
− µB(T )
ρ

1+ 1
β

u
K
+ gβ+(T − T∞)+ gβ∗(C − C∞)− b
∗
K
u2 − σ B
2
o
ρ
u (7)
u
∂T
∂x
+ v ∂T
∂y
= κ(T )
ρCP
∂2T
∂y2
+ 1
ρCP
∂κ(T )
∂T

∂T
∂y
2
+ µB(T )
ρCPCP

1+ 1
β

∂u
∂y
2
+ DKt
CPCs
∂2C
∂y2
(8)
u
∂C
∂x
+ v ∂C
∂y
+ ∂
∂y
[VT (C − C∞)] = D ∂
2C
∂y2
− R∗(C − C∞)n . (9)
Eqs. (6)–(9) are subject to the following boundary conditions
u = Bx v = −V (x) T = TW C = CW at y = 0 (10)
u → 0 T → T∞ C → C∞ as y →∞. (11)
In this theoretical study, it is assumed that the plastic dynamic viscosity of the non-Newtonian fluid together with its
thermal conductivity varies as a linear function of temperature, (See Batchelor [24]). Following Prasad et al. [27]
µB(T ) = µ∗B[a + b(TW − T )] and κ(T ) = κ∗[a + γ (T − T∞)] (12)
where µ∗ is the constant value of the coefficient of viscosity far from the sheet, κ∗ is the constant value of the
coefficient of thermal conductivity far from the sheet, a, b and γ are constant; the case when a = 1 is considered only.
The thermophoretic velocity parameter in Eq. (9) was given by Talbot et al. [12] and later by Tsai [14] as
VT = − K
T h
TRef
∂T
∂y
τ = − K
T h
ϑTRef
(TW − T∞) (13)
K T h is the thermophoretic coefficient which ranges in values from, 0.2 to 1.2 as reported by Batchelor and Shen [3]
and is defined from the theory of Talbot et al. [12] and also stated in the work of Kabir and Al-Mahbub [16] as,
K T h = 2Cs(λg/λP + Ct K n)

1+ K n C1 + C2e−C3/K n
(1+ 3Cm K n)(1+ 2λg/λP + 2Ct K n)
where C1, C2, C3, Cm , Cs and Ct are constants, λg and λP are the thermal conductivities of the fluid and diffused
particles, respectively and K n is the Knudsen number. Kabir and Al-Mahbub [16] further stated that typical values of
τ are 0.01, 0.1 and 1.0 corresponding to approximate values of −K T h(TW − T∞) equal to 3 K, 30 K and 300 K for a
reference temperature of TRef = 300 K. Introducing the following relations for u, v, θ(η) and φ(η) as
u = ∂ψ
∂y
v = −∂ψ
∂x
θ(η) = T − T∞
TW − T∞ φ(η) =
C − C∞
CW − C∞ (14)
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where ψ(x, y) is the stream function which automatically satisfies continuity Eq. (6), θ(η) and φ(η) are the
non-dimensional temperature and non-dimensional concentration respectively. Substituting (12)–(14) into (6)–(11)
becomes
∂ψ
∂y
∂2ψ
∂x∂y
− ∂ψ
∂x
∂2ψ
∂y2
= −ϑ∗

1+ 1
β

ξ
∂θ
∂y
∂2ψ
∂y2
+

1+ 1
β

ϑ∗[1+ ξ − θξ ]∂
3ψ
∂y3
−ϑ∗

1+ 1
β
 [1+ ξ − θξ ]
K
∂ψ
∂y
+ gβ+θ(Tw − T∞)+ gβ∗φ(Cw − C∞)
− b
∗
K

∂ψ
∂y
2
− σ B
2
o
ρ
∂ψ
∂y
(15)
∂ψ
∂y
∂θ
∂x
− ∂ψ
∂x
∂θ
∂y
= κ
∗[1+ θε]
ρCP
∂2θ
∂y2
+ κ
∗ε
ρCP

∂θ
∂y
2
+ ϑ
∗[1+ ξ − θξ ]
(TW − T∞)CP

1+ 1
β

∂2ψ
∂y2
2
+ DKt
CPC S
(CW − C∞)
(TW − T∞)
∂2φ
∂y2
(16)
∂ψ
∂y
∂φ
∂x
− ∂ψ
∂x
∂φ
∂y
+ ϑτφ ∂
2θ
∂y2
+ ϑτ ∂θ
∂y
∂φ
∂y
= D ∂
2φ
∂y2
− R∗φn(CW − C∞)n . (17)
Subject to
∂ψ
∂y
= Bx, ∂ψ
∂x
= Vw, θ = 1, φ = 1 at η = 0 (18)
∂ψ
∂y
→ 0, θ → 0, φ → 0 as η→∞. (19)
3. Method of solution
Introducing a similarity variable η, stream function ψ(x, y) together with dimensionless stream function f (η)
η = y

B
ϑ
ψ(x, y) = f (η)x√ϑB (20)
Eqs. (15)–(19) reduces to
1+ 1
β

[1+ ξ − θξ ]d
3 f
dη3
− ξ

1+ 1
β

dθ
dη
d2 f
dη2
−

1+ Fs
Da

d f
dη
2
+ f d
2 f
dη2
−Pp[1+ ξ − θξ ]

1+ 1
β

d f
dη
+ JG Rξθ + JGT ξφ − Ha d fdη = 0 (21)
[1+ εθ ]d
2θ
dη2
+ ε

dθ
dη
2
+ Pr f dθdη + Pr Ec[1+ ξ − θξ ]

1+ 1
β

d2 f
dη2
2
+ Pr D f d
2φ
dη2
= 0 (22)
d2φ
dη2
+ Sc f dφdη − τ Scφ
d2θ
dη2
− τ Sc dθdη
dφ
dη
− Sck2φn = 0. (23)
Together with the boundary conditions
d f
dη
= 1 f = S θ = 0 φ = 1 at η = 0 (24)
d f
dη
→ 0 θ → 0 φ → 0 as η→∞. (25)
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3.1. Local skin friction coefficient C f
The first physical quantity to be considered is the wall skin friction coefficient C f defined as
C f = τw
ρB2x2
where τw =

µB + Py√
2π

∂u
∂y

y=0
(26)
τw is known as Shear stress or skin friction along the stretching sheet, substituting (14) and (20), into (26) and simplify
Rex C f =

1+ 1
β

f ′′(0). (27)
3.2. Nusselt number Nux
This physical quantity is defined as
Nux = xqw
κ(TW − T∞) where qw = −κ
∂T
∂y

y=0
(28)
qw is known as heat flux from the sheet, substituting (14) and (20), into (28) and simplify
Nux√
Rex
= −θ ′(0). (29)
3.3. Sherwood number Shx
This physical quantity is defined as
Shx = x JwD(CW − C∞) where Jw = −D
∂C
∂y

y=0
(30)
Jw is known as mass flux from the sheet, substituting (14) and (20), into (30) and simplify
Shx√
Rex
= −φ′(0). (31)
4. Numerical solution
The set of coupled ordinary differential equations (21)–(23) along with boundary conditions (24) and (25) are
solved by converting the BVP to IVP; using the method of superposition stated in Na [30], the corresponding set of
IVP have been solved numerically by using Runge-Kutta Gill fourth order technique along with shooting method and
quadratic interpolation method. There are two types of error involved in Runge-Kutta as an approximation method of
Ordinary differential equations. They are Round off error and Truncation error. Runge-Kutta Gill method is selected
because it reduces (minimize) round off error and this algorithm is one of the most widely used fourth order methods.
According to Finlayson [31], Order analysis, Consistency analysis and Stability analysis shows that Runge-Kutta
Gill is also of order four, stable and consistent. The constants are selected to reduce the amount of storage required
in the solution of a large number of simultaneous first order differential equation, addition; the Runge-Kutta Gill
variant method probably most often used in machine integration because of the storage savings. The BVP cannot be
solved on an infinite interval, and it would be impractical to solve it on a very large finite interval. In this research,
the author imposed the infinite boundary condition at a finite point of η = 10. To integrate the corresponding IVP,
1+ 1
β

f ′′(0) = h¯,−θ ′(0) = ζ and−φ′(0) = ϱ are require but no such values exist after the non-dimensionalization
of the boundary conditions (24) and (25). The suitable guesses values for h¯,ζ and ϱ are chosen and then integration
is carried out. The calculated values for f ′(η = 10), θ(η = 10) and φ(η = 10) are compared with that of boundary
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Table 1
Computations showing comparison with Salem and El-Aziz [6], Andersson et al. [1], Shehzad et al. [32] and present
results for local Sherwood number −φ′(0) for different values of k2 when Sc = 1.0 and ξ = ε = Ha = Pp = Fs =
τ = S = 0, β = ∞, Da = JG R = JGT = n = 1.
k2 Saleem ans El Aziz [6] Andersson et al. [1] Shehzad et al. [32] Present results
0.01 −0.59157 −0.59157 −0.59136 −0.591382570602287
0.1 −0.66902 −0.66902 −0.66898 −0.668983244554603
1.0 −1.17649 −1.17649 −1.17650 −1.176499270180615
10 −3.23122 −3.23122 −3.23175 −3.231227945415024
Fig. 2. Effects of Casson fluid parameter β, temperature dependent viscosity ξ and thermal-conductivity parameter ε over velocity profiles.
condition (25) which are f ′(η = ∞), θ(η = ∞) and φ(η = ∞). Adjustment of

1+ 1
β

f ′′(0), −θ ′(0) and
−φ′(0) are carried out for better approximation for the solution. Care has been taken to shoot in steps; shoots are
improved in stages and round off error is avoided by computing with 15 decimal places. Values of better estimate
of

1+ 1
β

f ′′(0), −θ ′(0) and −φ′(0) together with conditions in (24) are solved using Runge-Kutta Gill method
with h = 0.1. To improve the solutions, we use quadratic interpolation which is superior far more than normal linear
interpolation namely secant method. The above procedure is repeated until we get the results up to the desired degree
of accuracy 0.000001.
5. Results and discussion
The numerical solution above is first written in a 27 steps of Algorithm and implemented in a MATLAB
environment together with Microsoft Excel software for proper analysis and extraction of data. From the
numerical computation, Skin-friction coefficient, Nusselt Number and the Sherwood Number, which are respectively
proportional to

1+ 1
β

f ′′(0),−θ ′(0) and−φ′(0) are also sorted out and their values are presented in a tabular form.
In the absence of dimensionless energy Eq. (22), in order to ascertain the accuracy of our numerical results;
steady state results of Sherwood (Shx ) of the present study is compared with results of Saleem ans El Aziz [6],
Andersson et al. [1], and Shehzad et al. [32]. Excellent agreement is observed in Table 1. To observe the effects of all
the controlling parameters on heat and mass transfer, the graphical solution of velocity function f ′(η), temperature
function θ(η), and concentration function φ(η) are plotted against η for various values of parameters. The effect of
Casson parameter β on velocity, temperature, and concentration profiles when ξ = ε = 0 and ξ = ε = 3.5 are shown
in Figs. 2–4. In Fig. 2, it is observed that in a case of constant viscosity and thermal conductivity i.e. ξ = ε = 0,
the velocity profiles and momentum boundary layer thickness decreases which is in best agreement with the result of
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Fig. 3. Effects of Casson fluid parameter β, temperature dependent viscosity ξ and thermal-conductivity parameter ε over temperature profiles.
Fig. 4. Effect of Casson fluid parameter β, temperature dependent viscosity ξ and thermal-conductivity parameter ε over concentration profiles.
Rao et al. [21], Hayat et al. [23] and Mukhopadhyay [33] (see Table 2). In the case of temperature dependent variable
viscosity and thermal conductivity parameter i.e. ξ = ε = 3.5; instead of the velocity profiles to decrease with an
increase in the values of Casson parameter; the velocity profiles tend to increase. Actually, with an increase in non-
Newtonian Casson parameter β, it produces resistance in the fluid flow. An increase in β implies a decrease in yield
stress Py of the Casson fluid and increase in the value of plastic dynamic viscosity µB ; this effect creates resistance in
the flow of fluid. It is observed that a decrease in fluid velocity is overpowered by high amount of temperature which is
injected due to ξ = ε = 3.5, hence the Casson fluid velocity profiles increases. In addition, it is also observed that due
to the existence of non Darcy parameter Fs = 1, the velocity profiles slightly decreases far away from the wall after
quantitative amount of temperature have destroyed all the intermolecular forces within the non-Newtonian Casson
flow. In the case of constant viscosity and thermal conductivity ξ = ε = 0 the effect of Casson parameter is noticed
on temperature profiles; the temperature across the flow field increases. In the Second case of variable viscosity and
thermal conductivity ξ = ε = 3.5, as Casson parameter increases, the temperature profiles decreases (see Fig. 3).
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Table 2
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) for different values of ξ , ε and β when Pp = 0.3, JG R = JGT = 1,
Fs = Da = 1, n = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 0.03, Sc = 0.22, τ = 0.1,
S = f (0) = 0.3, k2 = 0.5. 
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
ξ = ε = 0, β = 0.5 −0.9898295467 0.6049493121 0.2737555927
ξ = ε = 0, β = 1.0 −1.1585261426 0.5852503689 0.2601006893
ξ = ε = 0, β = 1.5 −1.2512959963 0.5741050139 0.2535407239
ξ = ε = 0, β = 2.0 −1.3104060264 0.5670520859 0.2496697911
ξ = ε = 3.5, β = 0.5 0.2388807502 0.2644062864 0.3744355776
ξ = ε = 3.5, β = 1.0 0.6054192627 0.2761129813 0.3891553685
ξ = ε = 3.5, β = 1.5 0.7979598336 0.2809251967 0.3953339760
ξ = ε = 3.5, β = 2.0 0.9176634348 0.2835728742 0.3987392025
Table 3
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number−φ′(0) for different values of ξ , ε and τ when β = 0.5,Pp = 0.3, JG R = JGT = 1,
Fs = Da = 1, n = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 0.03, Sc = 0.22, S = f (0) = 0.3,
k2 = 0.5. 
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
ξ = ε = 0, τ = 0.01 −0.9898295467 0.6050838387 0.2632707484
ξ = ε = 0, τ = 2.0 −0.9898295467 0.6018395145 0.4973221126
ξ = ε = 0, τ = 4.0 −0.9898295468 0.5981182127 0.7356347215
ξ = ε = 0, τ = 6.0 −0.9898295468 0.5940718358 0.9750842975
ξ = 5, ε = 2, τ = 0.01 0.5023865803 0.3486811444 0.3745124381
ξ = 5, ε = 2, τ = 2.0 0.4438533730 0.3432557908 0.4827232450
ξ = 5, ε = 2, τ = 4.0 0.3916642306 0.3383444096 0.5960292599
ξ = 5, ε = 2, τ = 6.0 0.3454051745 0.3339666335 0.7124567984
Table 4
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) for different values of ξ when ε = 3, β = 0.5, Pp = 0.3, JG R = JGT = 1,
Fs = Da = 1, n = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 0.03, τ = 0.1, Sc = 0.22,
S = f (0) = 0.3, k2 = 0.5.
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
ξ = 0 −0.989829546754307 0.195184734498528 0.265523987729677
ξ = 2 −0.238661911750775 0.268462743933987 0.348829670053543
ξ = 4 0.344610046393009 0.287444767151078 0.377173451422150
ξ = 6 0.873831082718139 0.295638379192420 0.394582973974250
Fig. 4 depicts an increase in concentration profiles when ξ = ε = 0, and significant decrease in a case of
ξ = ε = 3.5. It is noticed from Table 2 that the local skin friction coefficient decreases with an increase in the
magnitude of parameter (β) when ξ = ε = 0 and increases with an increase in (β) when ξ = ε = 3.5. Effects of
thermophoretic parameter τ on velocity, temperature and concentration field are shown in Figs. 5–7 when ξ = ε = 0
and ξ = 5, ε = 2, it is observed from Figs. 5 and 6 that τ have no significant effect on the velocity and temperature
profiles of Casson flow in the first case when µB and κ are constant throughout the boundary layer i.e. ξ = ε = 0,
when heat is introduced by increasing the values of ξ and ε. Fig. 5 depict a decrease in the momentum boundary layer
thickness; increase in the temperature and thermal boundary layer thickness is observed in Fig. 6. Fig. 7 displays the
effect of τ over concentration profile when ξ = ε = 0 and ξ = 5, ε = 2; it is observed that solutal boundary layer
I.L. Animasaun / Journal of the Nigerian Mathematical Society 34 (2015) 11–31 21
Table 5
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) for different values of ε when ξ = 4, β = 0.5, Pp = 0.3, JG R = JGT = 1,
Fs = Da = 1, n = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 0.03,τ = 0.1, Sc = 0.22,
S = f (0) = 0.3, k2 = 0.5, k2 = 0.5.
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
ε = 0 −0.132599088148395 0.724135816701332 0.358697021949300
ε = 2 0.249305306498522 0.343367311388302 0.370500980878297
ε = 4 0.414373493858992 0.251339857052714 0.383133692166214
ε = 6 0.510919915252163 0.206274012663806 0.393037178652957
Table 6
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) for different values of Pp when ξ = 3, β = 0.5, ε = 1, JG R = JGT = 1,
Fs = Da = 1, n = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 0.03, τ = 0.1, Sc = 0.22,
S = f (0) = 0.3, k2 = 0.5.
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
Pp = 0 0.303591393750127 0.478423863930974 0.397378206506423
Pp = 0.3 −0.124293284657997 0.437900131595637 0.353400650475086
Pp = 0.6 −0.399962715923289 0.410660985082457 0.327110790177069
Pp = 0.9 −0.612763756788909 0.389648674512535 0.308794439273923
Table 7
Numerical values of skin friction coefficient

1+ 1
β

f ′′(0), local Nusselt number −θ ′(0) and local
Sherwood number −φ′(0) for different values of Fs within 0.01 ≤ Fs ≤ 10 and Da within
0.01 ≤ Da ≤ 2.0 when ξ = 3.5, ε = 3.5, β = 0.5, Pp = 0.3, JG R = JGT = 1, Ha = 0.1,
Pr = 0.72, Ec = 0.03, D f = 0.03, n = 1, Sc = 0.22, τ = 0.1, S = f (0) = 0.3, k2 = 0.5.
1+ 1
β

f ′′(0) −θ ′(0) −φ′(0)
Da = 1, Fs = 0.01 0.4507723490 0.2708817468 0.3844064957
Da = 1, Fs = 10 −0.9078328580 0.2279265048 0.3255458124
Da = 0.01,Fs = 10 −14.8691483381 0.0279641407 0.1759062556
Da = 2.0, Fs = 10 −0.3808747222 0.2447213090 0.3467824054
decreases with an increasing values of parameter τ . It is further observed that mass transfer rate increases with an
increase in thermophoretic parameter when ξ = ε = 0 and ξ = 5, ε = 2 (see Table 3).
The concentration decreases in the case of constant µB, κ and also in the other case of µB(T ), κ(T ) within the
boundary layer. Although when heat is injected into the Casson fluid flow by setting ξ = b(TW − T∞) = 5 and
ε = γ (TW − T∞) = 2, the boundary layer thickness decreases more than the other case when ξ = b(TW − T∞) = 0
and ε = γ (TW − T∞) = 0. In particular, the effect of increasing the thermophoretic parameter τ is limited to
decreasing the concentration profiles.
This is true only for small values of Schmidt number for which the Brownian diffusion effect is large compared
to the convection effect. So, the thermophoretic parameter is expected to alter the concentration boundary layer
significantly. Fig. 8 exhibit the velocity profiles for several values of ξ with Pr = 0.72 in the presence of suction
i.e. f (0) = S = 0.3 when Ha = 0.1. In this case, the velocity of dissipative Casson fluid flow is found to increase
with an increase in the value of temperature dependent fluid viscosity parameter ξ . This can be explained physically
as the parameter ξ increases, the bond between the Casson fluids becomes weaker and the viscosity decrease and
the fluid flow at faster rate. In Fig. 9, variations of temperature field θ(η) with η for several values of ξ using
Fs = Da = 1, τ = 0.1, Pr = 0.72 are shown. It is observed that the temperature decreases with the increasing
values of ξ .
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Fig. 5. Effect of thermophoretic parameter τ , temperature dependent viscosity ξ and thermal-conductivity parameter ε over velocity profiles.
Fig. 6. Effect of thermophoretic parameter τ , temperature dependent viscosity ξ and thermal-conductivity parameter ε over temperature profiles.
The increase of temperature dependent fluid viscosity parameter leads to decrease of thermal boundary layer
thickness, which results in decrease of temperature profile θ(η). Decrease in temperature profiles across the thermal
boundary layer means a decrease in the velocity of the fluid properties. As a matter of fact, in this case, the fluid
particles undergo two opposite forces which are: (i) one force increases the fluid velocity due to decrease in the
fluid viscosity with increase in the values of ξ , (ii) the second force decreases the fluid velocity due to decrease in
temperature. Since θ(η) decreases with increasing ξ . Very near the vertical surface, as the temperature θ(η) is high,
the first force dominates and far away from the surface, the temperature θ(η) is low; this implies that the second force
dominates in that region; see Fig. 9.
Also, Fig. 10 depicts the effect of ξ on mass transfer for different values of ξ and fixed value of Sc = 0.22 and
τ = 0.1; it is noticed that the concentration decreases as ξ increases. With an increase in the magnitude of parameter ξ ,
it is observed that Skin friction coefficient, local Nusselt number and local Sherwood number increases; (see Table 4).
From Figs. 11–13, it is realized that as the temperature dependent variable thermal conductivity ε increases, the
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Fig. 7. Effect of thermophoretic parameter τ , temperature dependent viscosity ξ and thermal-conductivity parameter ε over concentration profiles.
Fig. 8. Effect of temperature dependent variable fluid viscosity parameter ξ over velocity profiles.
velocity and temperature increases significantly close to the wall and the concentration decreases for fixed value of
ξ, Pp, Fs, Da, Ha, Ec and τ . Fig. 14 illustrates the effect of porosity parameter Pp over the dimensionless velocity. It
is noticed that as the porosity parameter increases, the velocity decreases. Since the porosity of the plate increases, as
the fluid flows over the vertical porous plate, the drag tends to increase which draw back the velocity.
Also, Figs. 15 and 16 shows the variation of the thermal and solutal boundary-layer with the effects of porosity
parameter Pp. It is noticed that the thermal and solutal boundary layer thickness increases with an increase in the
porosity parameter. Physically, this can be explained as follows, as the porosity parameter increases, this give rooms
for more entrance of heat into the Casson flow. As the heat increases, the temperature profiles also become affected
and tend to increase. It is worthwhile to note that the concentration and temperature increases with the increase in
values of Pp.
Effect of Local Forchheimer parameter Fs on the velocity profile is illustrated in Fig. 17, it is observed that as the
Local Forchheimer parameter Fs increases within 0.01 ≤ Fs ≤ 10, the velocity decreases with negligible effect of Fs
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Fig. 9. Effect of temperature dependent variable fluid viscosity parameter ξ over temperature profiles.
Fig. 10. Effect of temperature dependent variable fluid viscosity parameter ξ over concentration profiles.
far from the wall. It is further observed that as the Local Forchheimer parameter Fs increases within 0.01 ≤ Fs ≤ 10,
the temperature and the concentration profiles increases throughout the boundary layer (see Figs. 18 and 19). Also,
from Fig. 17, it is also observed that as local Darcy parameter Da increases within 0.01 ≤ Da ≤ 20 the velocity
increases, temperature and concentration decreases. When ξ = ε = 0, β = ∞, Pp = 0.3, Fs = Da = n = 1,
Ha = 0.1, Pr = 0.72, Ec = D f = 0.03, Sc = 0.22 and τ = 0, it is obvious that we shall obtain electrically
conducting Newtonian fluid flow with constant viscosity and thermal conductivity without thermophoretic. Effect of
chemical reaction parameter (k2) is investigated within 0 ≤ k2 ≤ 12; from Figs. 20 and 21, it can be glanced how
the chemical reaction parameter influences the Dufour parameter in energy equation. As the amount of k2 increases
at constant Pr ans Sc, temperature profiles increases with no significant effect on both velocity and concentration
profiles.
Also, when ξ = ε = 0, β = ∞, Pp = 0.3, Fs = Da = 1, Ha = 0.1, Pr = 0.72, Ec = 0.03, D f = 1Sc = 0.22
and τ = 1, k2 = 0.5 and order of chemical reaction n varies, it should be mentioned herein that the velocity profiles
were found to be insensitive to increase in the order of chemical reaction parameter n; while both temperature and
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Fig. 11. Effect of temperature dependent variable thermal conductivity parameter ε over velocity profiles.
Fig. 12. Effect of temperature dependent variable thermal conductivity parameter ε over temperature profiles.
concentration profiles decreases significantly. Finally, the effects of various parameter (i.e. temperature dependent
thermal conductivity (ε), Porosity parameter (Pp), Local Darcy (Da) and Local Forchheimer parameter (Fs)) on the
Skin friction (
√
Rex C f ), Local Nusselt

Nux√
Rex

and Local Sherwood

Shx√
Rex

are shown in Tables 5–7.
6. Concluding remarks
A theoretical research is carried out and results are presented in this paper on the effects of thermophoresis and
some thermo-physical properties on free convective heat and mass transfer of Non Darcian MHD flow over vertical
porous plate with nthorder of chemical reaction in the presence of viscous dissipation and suction; plastic dynamic
viscosity of the non-Newtonian fluid together with thermal conductivity are assumed to varies as a linear function of
temperature. The steady two-dimensional heat and mass transfer model is formulated and similarity solution together
with numerical solution are adopted. Non Newtonian Casson fluid will flow faster (i.e. overcome all the resistance) if
subjected to flow over vertical heated plate when difference in temperature at the wall and free stream is greater than
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Fig. 13. Effect of temperature dependent variable thermal conductivity parameter ε over concentration profiles.
Fig. 14. Effect of porosity parameter Pp over velocity profiles.
zero. Temperature dependent fluid viscosity and thermal conductivity can be introduced to increase velocity profiles
significantly. Casson fluid parameter, temperature dependent fluid viscosity and thermal conductivity reveal decreasing
nature of temperature and concentration profiles. Application of magnetic field to an electrically conducting fluid gives
rise to a resistive type force called the Lorentz force. This force has the tendency to slow down the motion of the fluid
in the boundary layer. Also, the effects on the flow, thermal and diffusion fields become more so as the strength of the
magnetic field increases. Increasing Prandtl number, Pr , decelerates the flow and also strongly depresses temperatures
throughout the boundary layer regime. Thermophoretic number τ has considerable effect on concentration profiles.
Local Forchheimer parameter has significant effect on velocity field and retards the motion of the fluid. Temperature
profiles increases with an increase in the value of thermophoretic number and local Forchheimer parameter. It is hoped
that this theoretical research will serve as a stepping stone towards understanding more complex problems involving
the various physical effects investigated in the present problem and the present investigation may be useful for the
study of movement of oil or gas and water through the reservoir of an oil or gas field, in the migration of underground
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Fig. 15. Effect of porosity parameter Pp over temperature profiles.
Fig. 16. Effect of porosity parameter Pp over concentration profiles.
water and in the filtration and water purification processes. The numerical results of the dimensionless governing
equations are also of great interest in geophysics in the study of interaction of the geomagnetic field with the fluid in
the geothermal region.
Nomenclature
• x : Distance along the sheets
• y: Distance perpendicular to the sheet
• u: Non Darcian Velocity component in x-direction
• v: Non Darcian Velocity component in y-direction
• B: Stretching velocity of the sheet (B > 0)
• β: Non-Newtonian/Casson parameter
• ρ: Fluid density (assumed constant)
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Fig. 17. Effect of local Forchheimer parameter Fs and local Darcy parameter Da over velocity profiles.
Fig. 18. Effect of local Forchheimer parameter Fs and local Darcy parameter Da over temperature profiles.
• a, b and γ are constants and b > 0, γ > 0
• κ(T ): Temperature dependent thermal conductivity
• µ(T ): Temperature dependent fluid viscosity
• K : Permeability of the Porous medium
• g: Acceleration due to gravity
• β+: Volumetric coefficient of thermal expansion
• β∗: Volumetric coefficient of concentration expansion
• b∗: Empirical Constant
• T : Temperature
• TW : Wall temperature
• T∞: Temperature at infinity
• C : Concentration
• CW : Wall Concentration
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Fig. 19. Effect of local Forchheimer parameter Fs and local Darcy parameter Da over concentration profiles.
Fig. 20. Effect of chemical reaction parameter k2 over velocity and concentration profiles.
• C∞: Concentration at infinity
• D: Coefficient of mass diffusivity
• Bo: Strength of Magnetic field
• σ : Electric Conductivity
• VT : Thermophoretic velocity
• CP : Specific heat at constant pressure
• CS : Concentration susceptibility
• R∗: Dimensional chemical reaction
• n: Order of Chemical reaction
• kt : Thermal diffusion ratio
• V (x): Velocity of the suction of the fluid
• η: Similarity variable
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Fig. 21. Effect of chemical reaction parameter k2 over temperature profiles.
• θ(η): Non-dimensional temperature function
• φ(η): Non-dimensional concentration function
• f (η): Dimensionless stream function
• ϑ : Kinematics Viscosity
• K T h : Thermophoretic coefficient
• TRef : Reference temperature of thermophoresis
• µB : Plastic dynamic viscosity of the non-Newtonian fluid
• π : Product of the component of deformation rate with itself i.e. π = ei j ei j
• ei j : Component of the deformation rate
• πc: Critical value of π based on non-Newtonian model
• Temperature dependent Viscosity parameter ξ = b(TW − T∞)
• Temp. dependent Thermal Conductivity parameter ε = γ (TW − T∞)
• Local Darcy Parameter Da = Kx2
• Local Reynold Number Rex = x2 Bϑ
• Local Forchheimer parameter Fs = b∗x
• Local Magnetic field parameter Ha = σ B
2
o
ρ
• Local thermal Grashof related parameter for heat transfer JG R = gβ+x B2b
• Local Solutal Grashof related parameter for mass transfer JGT = gβ∗x B2b
• Prandtl Number Pr = ϑα , where α is known as thermal diffusion rate
• Dufour Number D f = DK tϑ∗CP CS

CW−C∞
TW−T∞

• Schmidt number Sc = ϑD
• Eckert number Ec = x2 B2(TW−T∞)CP
• Dimensionless chemical reaction parameter k2 = R∗(CW−C∞)n−1B
• Thermophoretic parameter τ = K T h(TW−T∞)
ϑTRef
• Kinematics Viscosity ϑ = µ∗B
ρ
• Porosity parameter Pp = ϑ∗BK
• Mass suction parameter f (0) = S = VW√
ϑ∗B
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